2. Number fields.

In this section we discuss number fields. We introduce the norm and trace maps, dis-
criminants, the R-algebra Fr and the C-algebra F¢ associated to a number field F'. No
knowledge of Galois Theory is assumed. We prove the Theorem of the Primitive Element
and this suffices for our purposes.

Definition 2.1. A number field F' is a finite field extension of Q. The dimension of F' as
a Q-vector space is called the degree of F. It is denoted by [F : Q].

Examples of number fields are Q, Q(i), Q(v2), Q(3/3,V7) of degrees 1,2,4 and 6 re-
spectively. Another example is the field Q({,) where (,, denotes a primitive n-th root of
unity. Since the n-th cyclotomic polynomial is irreducible and has degree ¢(n), we have
[Q(¢n) : Q] = ¢(n). Here ¢p(n) = #(Z/nZ)* denotes Euler’s ¢-function.

Let F' be a number field of degree n and let x € F'. Multiplication by z is a Q-linear
map x : ' — F. With respect to a Q-basis of F', this map is multiplication by an
n X n-matrix M,with rational coefficients.

Definition 2.2. Let F' be a number field of degree n and let x € F. The Norm N (z) of z
is det(M,,) while the Trace T'r(z) is equal to the trace of the matrix M,. The characteristic
polynomial f% (T) € Q[T] of = is

char

har (1) = det(T - 1d — M,).

Since the matrix M, has rational entries, f% (T)=T" + ap,1T" '+ ...+ a1T + ag is
in Q[T]. Since we have Tr(z) = —a,—1 and N(z) = (—1)"ao, the trace and the norm of z
are in Q. The characteristic polynomial, the trace and the norm of x are well defined since
they do not depend on the basis with respect to which the matrix M, has been defined.
The norm and the trace have the following properties.

N(zy) = N(z)N(y);
Tr(z+y) =Tr(x)+ Tr(y). for every z,y € I.

The characteristic polynomial f3_ (7), and therefore the norm N(z) and the trace T'r(x)
of an algebraic number = depend on the field F' that contains x. Usually it is clear from
the context what the relevant field F' is. In order to avoid ambiguities we occasionally may

write Trp(z) for Tr(z) and Np(x) for N(x). See Exercise 2.11.

Definition 2.3. Let F' be a number field of degree n and let wy,ws,...,w, € F. We
define the discriminant A(wy,ws,...,w,) by

A(wl,w2, . ,wn) = det(Tr(wiwj)lgiijn).
Since traces are in Q, so are discriminants. In the rest of this section we prove some basic

properties of the characteristic polynomial, the norm and trace maps and discriminants.
The following theorem says that every number field can be generated by one element only.
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Theorem 2.4. (Theorem of the primitive element.) Let F' be a finite extension of Q.
Then there exists § € F such that F' = Q(6).

Proof. It suffices to consider the case where F' = Q(a, ). The general case follows by
induction. We must show that there is 6 € F' such that Q(«a, 8) = Q(0).

We will take for 6 a suitable linear combination of o and g: let f(7T) = f&,,(T) the
minimum polynomial of 5 over K. Let n = deg(f) and let @« = ay,aq,...,a, be the
zeroes of f in C. The «; are all distinct. Similarly we let ¢(7) = ffnn(T ) the minimum
polynomial of 5 over K. Let m = deg(g) and let 5 = B1,P2,...,Bm be the zeroes of g

in C. Since Q is an infinite field, we can find ¢t € Q such that

Bi — B

Oé—Oéj

for 1 <i<m and for 2 < j <n,

t#

or equivalently,

ta+ B #ta; + B for 1 <i<mnandfor2<j<m.

Put

0=ta+f
The polynomials h(T) = g(@ — tT') and f(T) are both in Q(«)[T] and they both have «
as a zero. The remaining zeroes of f(T') are as,...,a,,. If any of these were also a zero

of g(0 —tT'), then for some j > 2 the number 6 — ta;; would be equal to some zero f3; of g.
This contradicts the choice of ¢.

It follows that the gcd of f and ¢ in the ring Q(#) has a single zero of multiplicity
one and must therefore be equal to ¢y + 1T for certain cg,c; € Q(6). It follows that
a = —co/cy is in Q(A). Then = 0 — ta is also in Q(#) and the proof is complete.

Corollary 2.5. Let F be a finite extension of degree n of Q. There are exactly n distinct
field homomorphisms ¢ : F — C.

Proof. By Theorem 2.4 the field F' is of the form Q(«) for some a. Let f be the minimum
polynomial of @ over Q. Then the map Q[X]/(f) — Q(«) given by evaluating polynomials
in « is a well defined isomorphism of fields. Any ring homomorphism ¢ : Q[X]/(f) — C
has the property that ¢(q) = ¢ for all ¢ € Q. Since f = 0 in Q[X]/(f), the complex
number ¢(«) must be a zero of f.

Conversely, evaluating in a complex zero of f is a homomorphism Q[X]/(f) — C.
Since f is irredcible of degree n, it has n distinct zeroes in C. Therefore there are exactly
as many distinct homomorphism F' — C. This proves the corollary.

Definition 2.6. Let F' be a number field of degree n. The ring homomorphisms F' — C
whose images are contained in R are also called real embeddings. We denote their number
by r1. The ring homomorphisms F' — C whose images are not in R are called complex
embeddings. They come in complex conjugate pairs. We denote the number of pairs by rs.

We have
r1 + 2ry = n.
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Example. Consider the number field F' = Q(«), where a* = 2. In other words, « is a zero
of the irreducible polynomial X% —2 € Q[X]. The field F is isomorphic to Q[X]/(X* —2)
and the four ring homomorphisms Q[X]/(X* — 2) — C are given by evaluating polyno-
mials in Q[X] in the four complex zeroes 4+v/2 and +iv/2 of f. Equivalently, these are the
unique ring homomorphisms Q(a) — C that send o to £+v/2 and 4iv/2 respectively. We
have r1 =2 and o = 1.

The number field Q admits a unique field homomorphism into the field of complex num-
bers C. It is the inclusion map. Its image is contained in the subfield R. So, we have
injective ring homomoprhisms

Q =< R <= C (%)

By Corollary 2.5 a number field F' admits in general several ring homomorphisms into C.
Their images are not necessarily contained in R. The generalization of (%) to an arbitrary
number field F' involves R-algebras and C-algebras that are not necessarily fields.

Let F' be a number field. By Theorem 2.4 there is an element o € F' for which we
have F' = Q(«). In other words F = Q[X]/(f) where f € Q[X] denotes the minimum
polynomial of a. We put Fr = R[X]/(f) and Fc = C[X]/(f). Here (f) denotes the
principal ideal generated by f inside Q[X], R[X] and C[X] respectively. We have natural
injective ring homomorphisms

F — FR — Fc.

See Exercise 2.5 for the injectivity. The R-algebra Fg is equal to the tensor product F®R
and, similarly, the C-algebra F¢ is the tensor product F'® C. In these notes we avoid the
language of tensor products.

We denote the ring homomorphisms C[X]/(f) — C given by evaluating in the com-
plex zeroes «aq,...,a, of f by ¢1,..., ¢, respectively. Their restrictions to F = Q[X]/(f)
are precisely the ring homomorphisms F° — C that appear in the proof of Corollary 2.5.
Let ® denote the homomorphism C[X]/(f) — [[;—, C given by ®(y) = (¢1(y), .-, én(v))
for y € C[X]/(f). Since it is clearly injective, ® is an isomorphism of C-algebras. There
are natural injective ring homomorphisms

F — IR < Fc
E
[T=. ¢

Proposition 2.7. Let F' be a number field of degree n and let x € F. Then

(a)
N(x) = H oi(x) and Tr(z) = Z oi(x).
' i=1

(b)



(c)
¢ (1) =17 (T)[F:Q(r)]

char min

Proof. Let x € F. Multiplying by ®(z) is a C-linear map from F¢ to itself that restricts
to the multiplication by x map F' — F. Let e; denote the i-th vector in the canonical
basis of []_, C. It satisfies e = e; and e;e; = 0 for every j # i. Therefore multiplication
by ®(z) is given by multiplication by a diagonal matrix with entries ¢;(z) fori =1,...,n.
Its characteristic polynomial is therefore [, (T' — ¢;(x)). Since may compute the char-
acteristic polynomial of x € F' also with respect to any Q-basis of F, this is also the
characteristic polynomial of z. This implies (b) and hence (a).

For part (c) let g(T') € Q[T] be an irreducible divisor of f% (7). By part (b) has
one of the complex zeroes ¢;(x) as a zero of g. Since g has rational coefficients, we have
that ¢;(g(z)) = g(¢i(x)) = 0. Since ¢; is an injective field homomorphism, it follows
that g(xz) = 0. Therefore fZ. divides g and by irreducibility we have that ¢ = fZ. .
Since g is an arbitrary irreducible divisor of the characteristic polynomial, it follows that

& (1) is a power of fZ. . Finally, the degree of f% —is n = [F : Q] and the degree of

in* char

. 18 [Q(z) : Q). This easily implies (c).
Next we discuss the basic properties of discriminants.

Proposition 2.8. Let F' be a number field of degree n and let wi,ws,...,w, € F. Then
(a) we have

Alwr,wa, .+ wn) = det(¢i(w))1<ij<n)’
(b) A(w1,ws,...,w,) # 0 if and only if wy,ws,...,w, Is a basis for F' as a vector space
over Q.
(c) Ifw; =77 1 Nijw; with Nij € Q for 1 <4, j < n, then one has that

AWy, wh, ... ,w;) = det(/\ij)QA(wl,wg, ey Wh)e

Proof. (a) Proposition 2.6 implies that for every i, j = 1,...,n we have > }_, ¢r(ww;) =
Tr(w;wj). Therefore we have the following equality of matrices

(¢i(wr))(@i(wr)) = (Tr(wiw;))

and (a) easily follows.

(b) The monomials 1, X ..., X" ! form a a basis of the Q-vector space F' = Q[X]/(f).
They are also an R-basis of the real vector space Fr = R[X]/(f) and a C-basis of the
complex vector space F' = C[X]/(f). Therefore, n elements wy,...,w, in F form a basis
of the Q-vector space F' if and only if their images in Fr are an R-basis of the real vector
space Fr = R[X]/(f) and if and oly if their images in Fc are a C-basis of the complex
vector space F' = C[X]/(f).

For j = 1,...,n the image of w; in Fc =[], C is the vector ¢;(w;). Therefore the
elements wy, . ..,w, form a Q-basis of F' if and only if the vectors ¢;(w;), for j =1,...,n,
are a C-basis of Fc. By linear algebra this happens precisely when the determinant of the
square matrix (¢;(w;)) is not zero. Part (b) now follows from (a).
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(c) We have the following matrix product

(Aij)(oj(wy)) = (oi(wr))

and (c) follows from (a).
This finishes the proof of the proposition.

Corollary 2.9. Let F' be a number field of degree n over Q. Let wy,...,w, € F. Then
Wi, . ..,w, form a basis for F' as a Q-vector space if and only if det(¢;(w;)) # 0 if and only
if Alwy,wa, ... ,wy) # 0.

Proof. This is clear.

The rest of this section is devoted to the R-algebra Fr. As before we have F' = Q(«).
Let f € Q[X] denote the minimum polynomial of . It has r; real zeroes and ro pairs of
complex conjugate zeroes in C — R. They correspond to the r; real embeddings F' — R
and 7o pairs of complex conjugate embeddings F' < C. The Chinese remainder Theorem
implies that evaluating in the r; real zeroes and in one of each of the r, pairs of non-real
zeroes is an isomorphism of rings

Fr = R[X]/(f)if[R X f[c.
1=1 =1

We have the following commutative diagram of ring homomorphisms

F < Fr — Fc

| [

F < HZQRXH:;C — HZ‘L:1C

The image of F' is dense in Fr. The homomorphism F — [['L, R x [[}2, C is given
as follows. The real coordinates are obtained by applying the realembedding ¢ while the
complex ones are obtained by applying one of each of the ry pairs of complex conjugate
embeddings. Here our choice should agree with the choice made above. The homomor-
phism [[}X, R x [[;2, C < [[;—, C is the inclusion map R C C on the real coordinates
while it is the map z + (z,Z) on the complex ones.

Example. Let o = v/2 be a zero of T* — 2 € Q[T] and let F = Q(a). The minimum
polynomial of a is 7% — 2. It has two real roots £+v/2 and two complex conjugate roots
+i+/2. Therefore we have r; = 2 and 7o = 1. The R-algebra Fg is isomorphic to Rx Rx C

Let ¢; and ¢ denote the two real embeddings. They are given by ¢1(a) = v/2
and ¢o(a) = —v/2. The non-real complex conjugate embeddings are ¢ and ¢4, given by
#3(a) = iv/2 and ¢4(a) = —iv/2. The map

F—IR=RxRxC
is, given by = — (¢1(x), p2(), ¢3(z)) for z € F.
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Exercises.

2.1
2.2
2.3
24

2.5

2.6

2.7

2.8

2.9

2.10
2.11

2.12

2.13

2.14

Let ¢ : Q — C be a field homomorphism. Show that ¢(q) = ¢ for every q € Q.

Find an element o € F = Q(v/3,+/—5) such that F = Q(a).

Let F = Q(V/5). Describe the homomorphism F — Fgr explicitly.

Let F' be a number field with r1 > 1, i.e. F' admits an embedding into R. Show that the
only roots of unity in F' are +£1.

Let K be a subfield of a field L and let g € K[X]. Show that the natural homomorphism
K[X]/(g9) — L[X]/(g) is injective. Here (g) denotes the ideal generated by ¢g in K[X] and
L[X] respectively.

Let F' be a number field of degree n and let x € F. Show that for ¢ € Q one has that

Tr(qr) = qTr(x),
Tr(q) = nq,
N(q) =q".

Show that the map Tr : FF — Q is surjective. Show that the analogous statement for the
norm N : F* — Q™ is, in general, false.
Let F C K be number fields. Let z € F and put d = [K : F]. Show that Nk (z) = Np(z)*
and Tri(z) = dlrr(x).
Let F' be a number field of degree n and let o € F. Show that for ¢ € Q one has that
N(a—q) = fGar(q). Show that for ¢, € Q one has that N(q¢ — ra) = 7" fGa:(q/7).
Let o = (5 + ¢; ' € Q(¢5) where (5 denotes a primitive 5th root of unity. Calculate the
characteristic polynomial of o € Q({5).
Consider the field Q(v/3,v/5). Compute A(1,v/3,v/5,v/15) and A(1,v/3,v5, V3 + V/5).
Let F = Q(v/?2) and let = /2 = (+v/2)? € F.

(a) Show that the characteristic polynomial of x is f%, (T) = T* — 4T? + 4, that its norm

is Nr(x) =4 and its trace is Trp(z) = 0.
(b) The element x is cointained in the subfield F’ = Q(v/2). Compute the characteristic
polynomial of x as an element of F’. Compute Ng/(x) and Trp:(z).

Let F' be a number field. Let wi,...,w, € F be a Q-basis of F. Show A(wi,...,wy) has
sign (—1)"2. As usual, 72 denotes half the number of embeddings F' — C whose image is not
in R.
Let F' be a number field of degree n. Let T" Fan 1T ' +...+a1T+ao be the characteristic
polynomial of a € F. For k > 0 let pi, denotes the power sum ¢1(a)® + ...+ ¢n(a)®. Here
The ¢; denote the embeddings F' — C.

(a) Show that pmin + Gmin—1Pn-1 + ...+ a1Pm+1 + pm = 0 for every m > 0

(b) Show

A(l, a, ... ,a”_l) = det((pi+j_2)1§i7j§n).

(Newton’s formulas) Let K be a field and let a1, aq,...,a, € K. We define the symmetric
functions si of the a; by

n

H(T —a;)=T" — s1T" Y eI 2 4+ (—1)"sp.

=1

We extend the definition by putting s = 0 whenever k& > n. We define the power sums pg
by

pk:Zaf for k£ > 0.
i=1
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2.15

2.16

2.17

2.18

2.19

2.20

Show that for every k > 1 one has that
(_1)kk5k =Pk — Pk—151 + Pk—2S2 — Prk—3S3 +....
In particular
$1=p1, —282 =p2—piS1, 383 =p3—p2S1+Dp1S2, —4S4 =ps—pss1+Pp2S2 —DP183,...

(Hint: Take the logarithmic derivative of [, (1 — auT).)
Let f(T)=T*+T +1 € Q[T).

(a) Show that f is irreducible.

(b) Show that the power sums po, p1, p2, p3, P4, Ps, pe are equal to 4,0,0, —3, —4, 0, 3 respec-

tively.

(c) Compute the discriminant of f(7').
Let f(T) = T° — T + 1 € Z[T]. Show that f is irreducible. Determine 71,72 and the
discriminant of f.

(Vandermonde) Let A be a commutative ring and let a1, o, . .., an € A. Prove the equality
1 1 e 1
a1 (6] . (67
det of o3 o = H (aj — ).
: : . : 1<i<j<n
™t oah! ar~t

Let K be a field and let f € K|[T] be a polynomial of degree n. Suppose that we have
f(T) =[1_,(T — o) € K[T] for certain elements a1, az,...,a, in some splitting field of f
Then the discriminant Disc(f) of f is defined by

Disc(f) = H (i — aj)?.

1<i<j<n

Suppose F' = Q(«) is a number field. Let f denote the minimum polynomial of «. Show

n(n—1)
2

A(l,a,...,a" ") = Disc(f) = (-1) N(f'(a)).

(Hint: Differentiate the relation f(T') = [[/_, (T — a;) and substitute T' = «;.)
Let K be a field and let a,b,c € K.

(a) Prove that Disc(T" — a) = n"a™ .

(b) Compute Disc(T? + bT + ¢) and Disc(T? + bT + c).
Let K be a field, let b,c € K* and let $1,082,...,6, € K and ~v1,72,...,7s € K. Put
g(T) =b[[_,(T — Bi) and h(T) = c[[;_,(T — ). The Resultant Res(g,h) of g and h is
defined by

Res(g, h) =b%¢" [ [ [[8: = ).

Show that for any f € K[X] we have

n(n—1)

Disc(f) = (=1)" 2 Res(f, ).
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2.21 (Resultants) Let K be a field and let a1,...,a, € K. Put g=b][[,_, (T — o) and let h,h' €
K|[T] be non-zero polynomials of degree s and s’ respectively. Suppose that h = h’ (mod g).
(a) Show that Res(g,h) = (—1)"*Res(h, g).
b) Show that Res(g,h) = b° Ha:g(a):O h(a).

(c) Show that b* Res(g, h) = b*Res(g, k')
(d) Using parts (i) and (ii), describe an efficient algorithm, similar to the Euclidean algo-
rithm in the ring K[T] to calculate resultants of polynomials.

2.22 Let K be a field and let f € K[T]. Show that f has a double zero if and only if Disc(f) = 0.
Let h € Z[T] be a monic polynomial. Show that it has a double zero in F, if and only if the
prime p divides Disc(f).

2.23 Consider the extension L = F,(¥/X, {/Y) of the field K = F,,(X,Y). Show that the theorem
of the primitive element does not hold in this case. Show that there are infinitely many
distinct fields F' with K C F' C L.

2.24 Let F, be a finite field of q elements. Let K be a finite extension of degree n of F,. Show

(a) there exists a € K such that K = Fy(a).

(b) there are precisely n distinct embeddings ¢; : K — F,.

(c) the discriminant A(ws1,...,wy) = det(Tr(wiw;)) is not zero if and only if the elements
Wi,...,wy form an Fg-basis for K. Here the trace Tr(a) of an element o € K is
> i, ¢i(a). (Hint: copy the proof of Prop.2.9)



